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Notes 11

Evaluation of Definite Integrals
via the Residue Theorem

Notes are from D. R. Wilton, Dept. of ECE



Ln|x|

\ 1/

Ln(z)=1In(r)+i0
—T<0<rx

= | ogarithmic singularities are examples of integrable singularities:

1

J-Ln dx—hmj Ln dx—hm(an( ) x)

e—0 c—0

=—1 since limxLn(x)=0

x=& x—0

Note: There might be numerical trouble if one integrates this function numerically!



Singularities like 1/x are non-integrable.




Consider the following integral:
1/x
2 dx 0 dx 2 dx 0 2
= I O;-Lnxx:_1+Lnxx=O —1I & \ | .
g

A finite result is obtained if the integral interpreted as

I = J — = lim _8@+ @ = hm(Ln
e—0 J-1 X & x -0

=1im(Ln§—Ln1 +Ln2—Ln§) = Ln2

e—0

x=-1 x=+& )

&

The infinite contributions from the two symmetrical shaded
parts shown exactly cancel in this limit. Integrals evaluated in this
way are said to be (Cauchy) principal value (PV) integrals:

Notation: [ = PVI — = —

Excluded region



Cauchy Principal Value Integrals (cont.)

= ]/x singularities are examples of singularities integrable only in the
principal value (PV) sense.

* Principal value integrals must not start or end at the singularity, but
must pass through them to permit cancellation of infinities

g—0

Excluded region




Singularities like 1/x? are non- integrable

J (even in the PV sense).
| Wil |

| R X
a —& & b
j_g—zdx+ b%dx:(l+lj+(l—lj—>oo
a X £ X a & e b
L x>0
[but note that Sgngx)z{ xi hasaPVintegraI}
X —=7 x<0



Summary of some results:

« Lnx Is integrable atx=10
« 1/x% isintegrableatx=0for0<a<1
* 1/x% is non-integrable at x =0 for a> 1

* f(x)sgn(x)/|x|* has a PV integral at x =0 for a < 2 if f(x) is smooth
(proof omitted)

(The above results translate to singularities at a point « via the transformation x — x-a.)



St C,:z=Re",
: X ,
Assumptions: dz=iRe"d0
X
= £ is analytic in the UHP except for a finite ¢
number of poles. x X
> X
= fis o(1/z) ,ie. lim|z f(z)|=0 inthe UHP —R R
UHP: Upper Half Plane
On the large semicircle we then have Note:

7 If the function is analytic in

lim J' f(2)dz = limjf(Re’a)iRe’edQ ~0 the LHP except for poles,

R— R—0 then we would close the
Cr 0 contour in the LHP.

Hence

I= T f(x)dleczcﬁf(z)dz =27i Y residues of f(z) in the UHP

—00




Example

T Xdx

]:j( 2 2
0olX +9)(x +4)
(Note the double pole at z = 5!)
T 1% 1
— dx = — 2ni|R 3i)+ R 2i

£2+9 z+4 2'[oz+9(z +4) ' sz[ eSf(l) GSf( l)]

dml
R f(Zo)— | (2-2)" 1 (2)
f(z)= O[ _4] - _1 ldz [ :|Z=Z

lim (AT
2 (243) (23] (22 +4) T zz+9)£2/{5{ Z+2i) }

_31' (22+9)(z+2l) 2z-2 ( z +9 Z+21)+(z+2z)22z)
= 7mi|— + lim

50 e (z +9) (z+2z)
1 3i 131} T -
= 7| = - —| = — 1
| 50 200 200 j
(7 49) +4) " 200



Assumptions: X
—R > R

= £ is analytic in the UHP except for a finite
number of poles.

= fis o(1/2),i.e. lim|zf(z)|=0 in the UHP.

Z—>0

A small semicircle of radius p

Note: is introduced at a simple pole

If the function is analytic in the LHP except for poles, then on the real axis. We let p — 0.

we would close the contour in the LHP.

¢ It is our choice to detour above or below the pole on the real axis.
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Example Cp z=Re",
dz =iRe"d¢

dx

(x +1)(x+1)

Evaluate: [ = -j—

Consider the following integral: | .
Cy z—(-1)=z+1=pe”’, ¥Z="1

P

I dz=ipe®do
r—/%
~1-p
= lim +
C‘f z +1 Z+1 ﬁ:go[[e _IJ;/) .[ I ] Z +1)(z+1)
2 i ' d(9 T R ig
=/ +1lim I+I 5 dz = [+Ilim Mi — + lim 2l_2¢l e’dy ”
el G (z +1)(z+1) pﬁoﬁ[(_lwez@) +1}P’é{ R*wO(R e +1)(Re +1)
. . —i2¢ . T . —i2¢
:I+j— I jle 2d¢:l+z+lim_[le 2d¢ = ]+Z + 0
R—)oo R 2 R—)ooo R 2
T Hence,
We could have also used the formula from Notes I
10 for going halfway around a simple pole on a [C = [+ —
small semicircle (the residue at -1 is 1/2). 2




o dx
! :-J:-“’ (x2 + 1)(x+ 1)

Next, evaluate the integral /-
using the residue theorem: C; z+l=pe’, ]
dz=ipe’do

IC:27ri:Resf(z:i)+Resf(z:—1)] = 27| lim M + lim 2% }
Z—”M(z+z)(z+l) H‘1(2 +1)M

11 1 J1-i 1 [-1-i 1] 7 (=«
= 27i +—|= 27| —+— |=27i +—|=—+i| —
2i(1+i) 2 4 2 4 2] 2 \2

Thus: Recall: Hence:
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o0

. iax y

= j f(x)edx C.:2=Re".

—00 . i0
dz=iRe"do

Assume a >0 (close the pathinthe UHP) » *
X
X
Assumptions: —R R

= f is analytic in the UHP except for a finite
number of poles (can easily be extended to
handle poles on the real axis via PV integrals),

= lim f(z)=0, O0<argz<rm (zinUHP)

Z—>0

Choosing the contour shown, the contribution from the
semicircular arc vanishes as R — « by Jordan’s lemma.

(See next slide.)

Jean-Baptiste Joseph Fourier
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Jordan’s lemma h%

C,: z=Re",
Assume dz=iRe"’d0
X
lim f(z) =0, O<argz<x (zinUHP) y
Z—>0 x
. X
Then jf(z)e’“zdz - 0 —R R
Cr
Proof:
. . . . . . /2 '
'[f(z)ezazdz — (Reze)ezaRcosﬁe—aRsmHiRezﬁde < (2R)max‘f(Re’9) j e—aRsdee
a @2 2aR9 ’
< |(2R)max |f(Re™) je © do| = ‘(M/)max‘f(Re’e) (1-e) - 0
0
E
. _2aR0 1 \\\7[ .
0<@<rm/2: sinﬁzﬁ — g Bl < o 7 \\Sm@
T | } )
/2
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o0

I= j f(x)e'“dx y

—00

C,: z=Re",
dz=iRe"’d0

[ f(z)edz —> 0 x
Cr

We then have

I=1. Cf)f(z) e dz = 27[1'2 residues of f(z)e'” inthe UHP
C

Questions:
What would change if a <0 ? If we had a negative sign in the exponential?
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Example:

I = J'COS}VX dx, (a,/1)>0.

X +a X z=la

Note: ¢ =cosAx+isin Ax

Use the symmetries of cos(Ax) and sin(Ax) and the Euler formula, we have:

-1 I dx (imaginary part vanishes by symmetry!)
2° X +a’
o MZ ilz z .a elﬂz
l J dz =2xi Res 1 28 - — i liml M
2 OOZ +Cl 2z +a i z—)iaZ(Z_i_l'a)M

e—a/l

—Zﬂ\\zz\w - ]:T cosdx _ me

2 2
X" ta 2a

—aA
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27

Assumptions: = jf(sin 0,cos0)do

0
= is finite within the interval.

= fis a rational function (ratio of polynomials) of sin6, cosé.

Lot z=¢”, dz=ie’df = do-—i"
unit circle z
. z—z" z4+2z7"
sin @ = —, cosf =
21
I= Tf(sin@ cos6)dl =—i f St
0 , |2|=1 2i ’ 2 z

S -1
= ZzZResidues of lf(z ; ,Z+2Z j inside the unit circle
Z l

z—Zz

2i

1 -1
Z+z . . .
- ] will be a rational function of z

17



Example:

5 S5 4 z-z Multiply top and
+ sin ‘9 |z|=1 4 + 2i z bottom by 4i. 5
z=-2
, 4dz 0
= CJS (—ldz) = (j) - —
- 1512+2Z — |Z|:12(Z+21)(z+31)
2dz 1 .. ZA451)2 87
= CJS . — =2zi| Iim = —
|Z|=1 (Z+2l)(Z+§l) Z_)_El (Z-|— Z 31 3
27 doé Y/ Note:
] — j - = The poles (roots of the
0 24 S1n 0 3 denominator) are found by using
4 the quadratic equation.




¢ There is no general rule for choosing the contour of integration; if the integral
can be done by contour integration and the residue theorem, the contour is

usually specific to the problem.

y
% :3 ]
Example: (.
« 12 z=2mi
o0 eax
]:J-l_i_ex dx, O<axl 7/41 y T z=ri Tyz
—© ! ’. X
R R

Consider the contour integral over the path shown in the figure:

tem | [ |

|
C i Y2 V3 7a

eaz

az
e
dz - dz
+e

The integrand has simple poles at

e =-1 = z=zxi+27n, n=0,=1,12,---

The contribution from each contour segment in the limit R — oo

must be separately evaluated (next slide).



7, z=x, dz =dx, R — o
- * Z= 37
lim (- —dz = I “
1m = — i
Rowd ] 4 ¢° <] £ Z= 2
V4
V4 l y X z=ri T?@
> X
vy z=x+2xi, dz=dx, —R R
eaz —-R eax
lim dz = lim " j dx = —e“"]
Roxd |4 ¢° R 1+e”
73 R
7, z=R+iy, dz=idy
az T aR _iay )
J‘ e del = J' e e y (‘6R+e—ly‘>eR_1)
1+¢€° 1+ ete”
72
27 | R gl ; 21 | paR eiay% R . 27 (a-1)R y 0 |
SI . y=_[ . = yﬁj J’:_“ y—=>U, a<
7 ‘1+eRe’y > le”|le® +e™ 0 e -1 0 N

20



V.. z=—R+iy, dz=idy,
z _ ia z = 272-1
e° . 0 e aRe y < ?/3
[ide| =i | ey
7/41-|—€ 2ﬂ1+e e V4 y 7,
4!

27 —aR ’ X
<[Z—ay >0, a>0 R R
<) —=xdy >0, a>

0 : (2)

_ Alternatively, f(z)=g—, h(zy)=0
(‘1+e‘Re’y >1—e_R) h(z) 2 az
— Res f(z=zi)= lim g,(ZO) — lim —°
z—)zoh (ZO) Z—)ﬂ'ii 1+ez)
Hence ari ari dz
€ € ari
= — = = —e
eﬂ'l _1
(1-¢***)1 =27i Res f(z=ir)
Res f(z=i7z)= lim(z—z‘ﬁ) ¢ =lim(z—i7z) eaz' : =lim(z—i7r) eaz’
Z—ir 1 + eZ i 1 + eZ_”H'm Z—Ir 1 — ez—m
z—ir)e” “ ~
= lim ( ) = lim © _ e

Z_)i”\k—[\k+(z—i7r)+§(z—i7z)2 +J ir =1 = (z~im) =



We thus have

(1 — e ) [= —2rie™”

Therefore
o ax . jar .
e —2rie —2 771 T
I = J‘ X dx = ia2r = ; ; ; = .
b l+e l-e %(e_“m — e“m) sinarx
Hence
o0 ax
e T
I = J‘ dx = , O<ax<l

' 1+e sinaz

22



= A given contour of integration is chosen: usually problem specific, usually must

not cross a branch cut.

» We take advantage of the fact that the integrand changes across the branch

cut.

» Usually an evaluation of the contribution from the branch point is required.

Example:

—k

1=jx dx, 0<k<1
0x+1

y

Assume the branch 0 < <2

(x™* = positive real)

—k .
(x—k _ (elnx) — o KInx _ e—k(lnrﬂ@) _ e—k(lnr)) (9 —0 onthe xaxis)

Note: We choose the branch cut on the positive real axis (the axis of integration).

e . §

23



ok
X

I=|—dx, 0<k<l
- x+1

First, note the integral exists since the integral of the asymptotic forms of the
integrand at both limits exists:

a Lo x~* whichisintegrable at x=0, & <1
X+
x—k

= x " whichisintegrable at x =, k>0
X+

24



_ 1 1 :
X k Note: x™* =—=— (x:re’o) (principal branch)

dx, 0<k<l x o

[ =

O gy 8

x+1 y

WEe'll evaluate the integral
using the contour shown.

0<0<2r

For either circle, use:

z =re"” (r =7, orR)

. . -k . .
- &l —k(Inr+i0 klnr_—ik0 1 ik _ —k —ike
z7h = ke = g kInrHi0) _ pokinr o —(e”) e =rre", 0<0<2rx

zF=r*e™, 0<0<2rx



Now consider the various contributions Y
to the contour integral:

Cj) f(z)dz = ZﬂiResf(—l),

L+Cr+L,+C,
-k

where f(z): s 1
Z+

z¥=rte™ 0<0<2x

0 . if —k —k _-ik
C,: z=re",dz=ire"dl, z" =1 "¢e"
£ -k _—ik0 - i0 0
: vyle inedl . i e
If(z)dz = lim - o = lim ir,"* J‘ e’ do — 0
G D 2 re” +1 =0 27
C.: z=Re"’, dz=iRe"’d¢p, z" =R*e™
2 L . . 2
n—-& R ke ik@ lReltgd¢ T

R—0, Reie +1 R—
£—0 & 0

[ f(z)dz = lim = lim iR [ e"'d¢—>0
Cr

26



—k
f(z) _Z zh=rte™ 0<0<2x y

z+1

For the path L;:

. . L _
L:z=re¥,dz=€e"dr, z" =r"e

_[f dz = lim ' kg)]g r dr = Tr‘k ar _ 1
0

R re” +1
7y —0
c—0

For the path L,:

i i _k —k _—ik(27—
L,:z z=re ) = dz=e"dr, z7F=pFe M)

. ~i{e+k(27—¢)] r dr —i27rkoo r ™ dr —i2 7k
jf(z)dz = lim e _[ = —e j = —-e 1

R— “ 41 r+1

1 —0 0

e—0

27



Hence
(l—e_iz”k)l =27i Res f(z = —1)

-k
Z
=2mi i
i Jim (4T
-k

:27ri(—1)

=27i(e") Note: Arg (-1) = 7 here (0< 0 <27).
= 2rie ™
Therefore, we have

. —ikm - kT
2rie B 2%1)0/’/ oz 0<k<l

(1 _e—i27rk) - W(eikﬂ' _e—iﬂk)  sinkrx’

=

Hence
o _k
Jx dx = ,7[ , O0<k<l
X +1 sinkz

1
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: I. -0
Assumptions: C Cr
f(z) =u +iv isanalytic in the UHP (including the real axis) R —> o Ch
f(z)>0, zinthe UHP ¢>0
UHP: Upper Half Plane o n
R 2
X X X
Consider: . g )
CPV 7i f(x,)
2 f(x, + e’
Cﬁ&dz = lim I I J‘f( : : )l/&é{{de 272'1 (xo)
c 2% 0 e )T xo S
% f(x) , _ } T
— I_T% dx +7i f(xo)_ 27 f(xo) (From the residue
—00 . theorem or the Cauchy
Let z — X, = gelg integral theorem.)

[
= /(%) :mt){g)o -

=u(x,)+iv(x,) = i]-o_v(x) dx_i“’f_u(x) dx
72-—00

29



_ ey o Lpovlx) o0 ou(x)
f(xo) =u(x,)+iv(x,) = ﬂjﬁ dx jﬁ dx

c XX, T X—X,

Equate the real and imaginary parts:

¢ 0]

u(x,) = 1{ v(x) dx

T X=X,

o0

v(x,) = _7lzj£ u(x) dx

X —X,

Next, relabel: x> x', x, > x

30



Hence, we have

u(x) = 1 ;E v(x') dx'

T x'—x
1 tu(x) .
oz = = T 3£ Y —x %; David Hilbert

= u(x), v(x) are Hilbert Transforms of one another

Assumptions:
f(z) =u +1iv is analytic in the UHP (including the real axis)

f(z)>0, zinthe UHP
31



We can also repeat the derivation assuming that the function is
analytic in the lower half plane.

Im
1 % v(x’)
_ _ 7
u(x) ﬂi o X y .
v(x) = laﬁu(x’)dx’ R " A "‘ R e
T x'—x X
C Cy

Assumptions :
f(z) =u +iv is analyticin the LHP (including the real axis)

f(z)>0, zinthe LHP

32



———o (using j instead of i)

+ H(w)=Hpg(w)+jH(0) +
Vin(©) | Vout ()
— Transfer function — Imw

Poles are only
allowed in the UHP.

H(w)=Vyy (@) Vip (@)

X X
Assumptions(exp(ja)t) time convention) ; X ¥ X
H (o) is analytic in the LHPY Rew
H(w)— 0, for ® —> «© inthe LHP® LHP: Lower Half Plane

Note 1: A pole in the LHP would corresponds to a nonphysical growing response:

jot jo.t _—awt

W=0 +jo, =>e" =e e

Note 2: The system is assumed to be unable to respond to a signal at very high frequency.

Symmetry property: H(-w)=H (o) = H,(-0)=H,(»); H,(-0)=-H, (o)

see Appendix
( pp ) 3



We thus have:

. ¢ ——— 0
H(w)=Hp(®)+ jH(®) +
Vin ((0) . Vout (a))
— Transfer function —

H(w) out( )/Vln ((0)

(()

H, (o) = %;E—P;( a)) do'

—00

The real and imaginary parts of the transfer function
are Hilbert transforms of each other.




We can also derive an alternative form:

0

H (a)) — _limclw’ — _l‘J: Hl(a),)da)'—li].iH[(a)’)da)'
) T 00 s, 0—0 7T ' —o First one :
= 1 (‘)‘HI (—C()') da)'_l;Hl(a)’) d&)’ Use & > -
7[;'0 —0' -0 % o'~ First one
:_ijJ.EHI (C()I) da)’_lj‘iHl (C(),) daw' Use HI(_CO):_HI(CO)
Ty 0+ Ty 0 -

:_i“’H,(a)’)((a)’—a))+(a)'+a)))

Ty (o' +0)(0' - )

do'

—— 5 5 0 This integral starts at zero.
7y (07 -o’)
0

35



Summarizing, we have:

o)< L - 2,
o= L[ - 2,

Assumptions:
H(w) is analytic in the LHP
H(w)—> 0, for @ —> o« inthe LHP

36



Hendrik Anthony “Hans” Kramers Ralph de Laer Kronig

% The Kramers-Kronig relations are a fundamental set of equations

that relate the real and imaginary parts of the complex permittivity.

37



Assumption:
The relative permittivity ¢ (o) is analyticinthe LHP and ¢ (w)— 1, @ inLHP

Similar to the transfer-function analysis, one obtains the
Kramers-Kronig dispersion relations:

2% o'Im(e (0)-1)

R )= -2 do

(ofor-1) = - 2FOED N,

Im(&, (w)-1) = 2 a)Re(f’”(a)z)_l)da)’
4 W’ — o

0

Material parameters:
€ = relative permittivity f_) = EOZeE (polarization per unit volume)
. = electric susceptibility

7. (0) = ¢ (0)—1 2.(@) >0 as ®—> o inLHP

38



Denote ¢,(w)=¢!(w)— je(w) (using jinstead of i)

The final form of the Kramers-Kronig relations is then:

2% e (a)’)
4 — 1 7 d [}
5,,((0) + 72_:(‘; a)r2 _0)2 @
2% o (& (o)1)
(44 — . d !
87’ (Cf)) ﬂi 0)’2 . 0)2 @

Note: This shows that if there is no loss (¢ = 0), then the relative permittivity
must be 1. Hence, practical materials with &’ > 1 will always have some loss.

39



The Laplace transform is defined as:

F(s)=|f(t)e"dt

O =y 8

Assume Im(s)

t)<Ade”, t>0
£ (1)

Analytic
Then F(s) is analytic in the region

Re(s)> 7, 70,

Note: F(s) = (~t) £ (¢) "t (valid for Res >7,)

Note: In the Laplace transform we do not care how f'is defined for ¢ < 0.

40



Define a function g(¢) (using any y > y):

( t) — {eﬂf (t )> t>0 The Fourier transform of g(¢) exists.

0, t<0

(The function g(¢) stays finite along the entire real axis
and tends to zeroas t —» + «.)

We then have, from the inverse Fourier transform,

[ ao] ™

2(1) = [ 2(w)edo 50

Then, from the relation between fand g:
1 5. :

f(t) = g(a))e”e’”’a’a), t>0
T

—00

Let s=y+io

F(0) =1 [ #(ci(s—7))etds, 150

27l
V4

Re(s)

41



/(1)

1 ¥ +i00

N 27Tl

~

g

Y —100

(—i(s — y))e“ds,

We have for the integrand term:

o0

g(-i(s=7))=[ g(e)e ™V

Ot 8 O 8 O3 8
oQ

|
8

oQ

—
~
N—"
ml

T.
—_—
|
<
SN—"
SN~—"
~
=~

—
=~
N—"
Q
L
|
<
SN—"
~
S

ﬁ
—~
o)
~

>0

Im(s)

Re(s)

42



Hence, we have:

1 ¥ +i00 )
f( ) fB( ) = F(S)e ‘ds, t>0  “Inverse Laplace transform”
Tl .
“Bromwich integral” Im(s)
The Bromwich contour C is chosen « | €
to the right of all singularities of the X T
function F(s).

Re(s)
f(t)<4e, t>0

Y >7

43



Consider the case:
t <0

Close the contour to the right.

Only the vertical path C contributes as C, — oo

Right: ¢ — 0
Top and bottom: F(s) — 0 (assumption)

1 st
:>fB(t):2_7zi F(s)e"ds
— fB(t):O

(by Cauchy’s theorem)

1 y+ioo

/5 (2) = F(s)e"ds

The integrandis analyticinside C,.

Im(s)

| Re(s)

44



Summary

17 t f(t), t>0
= — F Sd =S
ae 27i (s)erds 0, 1<0

Note:
This inverse Laplace transform (Bromwich)
integral gives us zero for t < 0, no matter how
the original function f(¢) was defined for # < 0.

Im(s)

Re(s)

45



Evaluation of the Bromwich integral for the case of poles only:

1 y+ico
t>0 f f, s)e’ds
(=10 =5 | FO
Close the contour to the left.
Only the vertical path C contributes as C;, — oo: Im(s)
Left: e” >0
Top andbottom: F (S) — 0 (assumption) Cr %
—00 X 4
1 I .
= f(t)=—]F (s)e"ds
X
— f(t) = Zresidues atpoles to the left of C ’\

: : ” Poles only
(This assumes that there are only pole singularities.)
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Example f(t) e’ Note: y,=a = y>a

F(S) :jeat e—stdt: Ie—(s—a)tdt _ —1 e_(s_a)t
0 0

S —a 0
: I
F(s)= , Re(s)>a m(s)
(5) = Re(s)
For > 0: Cr
+ico —0 -
f(t):f(l‘)z 1 7I 1 €StdS, v>a v
B 27zi7_ioos—a i
a Y
1 . 1,
fB(f)=,(27zzRes( esj ]
7 §—d s=a

Re(s)
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Proof of symmetry property: H(-o)=H" (o)

H(w)=Hp(w)+iH;(®) +
Vin (@) _ Vout (@)
- Transfer function —

H(w)= out( )/Vin (w)
Impulse response:

h(t) :i I H(w)e” do =real H(w)= I h(t)e™™ dt

Use @' = —w

SO \

h* (t)Zh(t)ZZ I H* (a))e—iwt dw:_LJ.H* (_a)r)eia)’t da)rzi H* (_a)r)eia)’t dG)IZLJ.H* (—a))eim do

-~ 2z e e 27 = /

Relabel @' — o

2 [ (@) do= [ 1 (ca)edo =) [H(0)]-F [ (-0)] B H'(~0)=H (o)
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